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Abstract—GPU matrix chain multiplication serves as a basis
for a wide range of scientific domains like computer graphics,
physics, and machine learning. While its time performance was
studied for years, there has been significantly less effort in
optimizing its energy efficiency.

GPU power consumption is heavily impacted by the number
of data transfers performed. In fact, a data transfer from global
memory needs a thousand times more energy than a double
precision arithmetic operation. Thus, minimizing data transfers
is key for reducing the energy consumption.

We present an energy efficient solution for Matrix Chain
Multiplication on GPUs that minimizes computation as well as
off-chip data transfers. For this, optimizations at three different
levels are provided.

For a single matrix multiplication, we use a blocking strategy
that allows us to achieve the minimum number of global memory
loads for a given amount of shared memory. We extend our
approach to three matrices to decrease the data transfers even
further. Finally, we use a parenthesizing algorithm that minimizes
the number of computations as well as memory transfers for a
whole sequence of matrices.

Index Terms—Matrix Chain Multiplication, Energy Efficiency,
GPU computing

I. INTRODUCTION

Many existing GPU libraries, like cuBLAS or other hand-
tuned implementations [2], [6], [8], focus on single matrix
multiplication. A few also allow Matrix Chain multiplication
but mostly focus on runtime performance. In comparison,
significantly less effort has been dedicated to optimizing for
energy efficiency. Reducing the energetic cost of these types of
computation is an important challenge. The information tech-
nology sector accounts for 2% of greenhouse gas emissions,
with data centers accounting for the majority of these [5]. A
single data-center of 800 ranks can pay up to 4 million dollars
per year for power consumption [1] . In this context, even a
small amount of energy saving can have a significant impact.

GPU power consumption is heavily impacted by the number
of data transfers performed [4]. In fact, a data transfer from
global memory needs one thousand times more energy than
a double precision arithmetic operation. Thus, minimizing
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data transfers is key to reducing energy consumption. Our
work aims to solve this problem by making the following
contributions:

• Study and adapt the theoretical part described in [7] on
how to minimize the number of data transfers for a GPU
matrix multiplication.

• Propose an energy efficient implementation of a single
matrix multiplication GPU kernel.

• Propose an implementation for a GPU kernel that multi-
plies three matrices at a time.

• Extend our approach to a sequence of matrices.
• Study the impact of varying the tile size on the number

of data transfers and power consumption on a GPU.

II. ASSUMPTIONS

We make the following assumptions while solving these
problems:

• The matrices are dense and rectangular.
• There are two-levels of memory: on-chip/fast and off-

chip/slow.
• Only the matrices necessary for one matrix multiplication

can fit into the GPU global memory.
• The matrix sizes are larger than the on-chip memory

capacity.

III. SINGLE MATRIX MULTIPLICATION

Given a matrix A1 of size P0 ∗P1 and a matrix A2 of size
P1 ∗ P2, we implement a blocking strategy for single matrix
multiplication. Here, the tiles from matrices A1 and A2 are
loaded into shared memory and the resulting tile is stored in
registers.

Using the notations depicted in Figure 1, we can derive the
total number of global loads, hR, needed to compute the result
matrix, R.

hR = P0P1P2

(x+ y

xy

)
(1)

In order to reduce off-chip data transfers the term (x+y)/xy
should be minimized. For a fixed amount of on-chip memory
M, we can prove than the minimum number of global loads is
attained when x = y =

√
M . Therefore, the minimum number
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Fig. 1: Single Matrix Multiplication - blocking strategy

of global loads required for multiplying two matrices is given
by:

h∗
R =

2P0P1P2√
M

(2)

IV. FUSED MATRIX MULTIPLICATION

We extend our approach tothe product of three matrices
R = A1 ∗ A2 ∗ A3 in order to further decrease the number
of data transfers and implement a fused kernel that multiplies
3 matrices at a time. As presented in Figure 2 the tile T is
directly multiplied by an entire row of A3, thereby saving
the cost of writing the matrix T into global memory. Con-
sequently, the number of data transfers necessary to compute
A1 ∗A2 ∗A3 = R is given by:

hlc = P0P1P2
x+ y

xy
+ P0P2P3

2x+ y

xy
(3)

Fig. 2: Fused Matrix Multiplication approach

V. MATRIX CHAIN MULTIPLICATION

Finally, we use a parenthesizing algorithm that minimizes
the number of memory transfers for a sequence of matrices.
While computing a chain of several matrices, there exists an

optimal parenthesizing of the chain that gives us the minimal
number of operations to compute, depending on the size of
the matrices. The algorithm Optimal Count (OP Count) [3]
calculates the optimal parenthesizing of a sequence of matri-
ces. Achieving the minimal number of computations allows
us to reduce data transfers because for each computation, we
need 2 reads and 1 write to the global memory. Thus, fewer
computations lead to fewer data transfers.

OP Count gives the optimal splitter, k, for a sequence of
matrices, Ai. . . j, so that Ai. . . kAk+1. . . j has the minimal number of
operations required to compute Ai. . . j. From this decomposition
of sequences, we can build the OP Count Tree that represent
the optimal computation order for the sequence A1. . . N.

Once we have the optimal parenthesizing to compute our
single matrix multiplication, we can extend OP Count to
OP DM Fuse Tree, that uses the fused kernels. Starting from
the leaves of the OP Count Tree, each node of OP DM Fuse
will have to choose a computation strategy: Left_fuse,
Right_fuse, or No_fuse. To choose the optimal strat-
egy, the data transfer cost is calculated for each strategy with
the equation 3 and the one producing the least data transfers
is selected.

VI. CONCLUSION AND FUTURE WORK

The goal of this work is to reduce energy consumption
in matrix chain multiplication. The strategy was to minimize
data transfers since this operation has the greatest impact in
terms of time and energy consumption. However, we need to
balance static and dynamic power consumption on a GPU, so
the execution time cannot be neglected when reducing data
transfers.

When implementing the Single Matrix Multiplication, the
blocking strategy uses tile sizes as large as possible to mini-
mize the number of data transfers to/from the global memory.
We can extend this strategy to three matrices and save the cost
of writing back the temporary matrix to the global memory and
create two kernels minimizing data transfers for three matrix
multiplication.

To multiply the entire sequence of matrices, the OP Count
Tree allows us to order the Single Matrix Multiplication to
achieve the minimal number of computations, thus reducing
the number of data transfers. Later, the OP DM Fuse Tree is
build using the 3 previously created kernels to minimize data
transfers for the entire sequence.
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